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We investigate the flow region close to a cylindrical nozzle from which a free rarefied jet is issuing. Analytical,

numerical, and experimental procedures are used to completely describe the aerodynamic flowfield from the

upstream stagnation chamber, through the nozzle, and, finally, to the downstream ambient region. The combined

theoretical–experimental investigation addresses the shortage of results in the literature concerning rarefied flow

throughfinite length tubes, particularly in the region close to the jet origin.Wealso investigate the sensitivity of the jet

characteristics to the velocity profile at the nozzle exit. Attention is paid to the physical differences between a

continuum flow and a rarefied gas flow operating in the same geometrical conditions. The analytical expressions are

derived from free molecular kinetics, the computational code is based on the direct simulationMonte Carlo method,

and the experimental investigation uses measurements from a Patterson impact pressure probe. The broader

implications of the results are discussed.

Nomenclature

D = internal diameter of the nozzle
d = molecule diameter
H = height of the slot of the probe
Kn = Knudsen number
k = Boltzmann constant
L = nondimensional height of the slot of the probe
_m = mass flow rate
N = number of computational cells
Np = number of representative molecules
n = molecule number density
P = mean pressure
p = local pressure
R = radius of the computational domain
R = constant of the gas
S = molecular speed ratio
s = nondimensional width of the slot of the probe
T = temperature
u = macroscopic velocity along the X axis
X, Y, Z = orthogonal coordinates
W = width of the slot of the probe
� = angular position of the sounding tube
� = ratio of the specific heat
�L = length of the computational domain
�t = time step
� = mean free path of the gas
h i = mean value over the nozzle area

Subscripts

amb = ambient condition
e = nozzle exit
i = nozzle inlet

m = mean value over the slot area of the probe
0 = stagnation condition

Superscript

� = dimensional quantities

I. Introduction

T HE free gaseous jet is a model problem in fluid dynamics and
can be used to test analytical solutions and computational

simulations due to its relatively simple geometrical configuration.
Apart from being of academic interest, free jets are important to a
large number of scientific and technical applications. Jets operating
in a rarefied gasfind application inmicro- and nanodevices, aswell as
in more conventional devices such as space thrusters, calibration
nozzles, miniature diffusion devices, and vacuum apparatuses.

There is a vast amount of literature concerning the physics of jets,
yet open questions still remain. To the authors’ knowledge, the first
experimental results showing the velocity distribution along the axis
of a short jet nozzle for flows from the rarefied to continuum regime
have only been recently presented by Koppenwallner et al. [1]. The
mathematical modelling and experimental data collection needed to
study rarefied jets are difficult due to the characteristics of the region
close to the jet origin, where initial conditions must be obtained for
any further calculation of the jet behavior. At the jet origin, there is
equal influence from both the upstream “history” of the fluid and
from the downstream ambient region. The study of the jet cannot be
properly made without an evaluation of the flow development from
the initial to thefinal state through the nozzle. This influence has been
fully investigated for continuum incompressible and compressible
flows, but due to the difficulties of rarefied jets, many of their aspects
have been only partially investigated. In particular, the region very
close to the nozzle exit and at the origin of the jet has not been fully
studied.

The present work is devoted to a complete study of a rarefied jet,
from its generation, through the nozzle, and, finally, to its expansion
as a free molecular stream. Particular attention is paid to the initial
region. The main contributions of this work are the full numerical
evaluation of the jet characteristics ranging from the transitional to
the freemolecular regime, an investigation of the sensitivity of the jet
development to the initial issuing conditions, a combined numerical–
analytical calculation procedure for a jet of free molecules, an
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experimental validation of the numerical analysis, and a guideline for
calibrating complex experimental facilities as compared with very
accurate numerical simulations.

Our review of related scientific literature will be limited to a
discussion of rarefied jets and plumes. A good general presentation
of the subject is an article byRebrov [2], andmore papers that include
experiments and simulations for partial aspects of the subject can be
found in [3–14].

Of these works, the only full numerical investigation of the
aerodynamics for a limit situation of a rarefied jet was carried out by
Sharipov [13] for the flow across an orifice. Another recent
experimental and computational work investigated the character-
istics of the rarefied flow through short tubes [4]. This work, by Lilly
et al. [4], relates to the present work as both use the direct simulation
Monte Carlo (DSMC) method for the numerical investigation. Also,
Lilly et al. describe the importance and relevance of rarefiedflows for
microdevices. However, this previous work dealt with a jet nozzle at
Knudsen numbers mostly smaller than what we used in our
experiments and computations.

Our numerical approach and corresponding simulations were
based on the DSMC method, which is known to provide accurate
descriptions of rarefied gas flow situations [4,11,13].We adopted the
DSMCprocedure from a numerical code that was previously used by
the authors with excellent results [15,16]. With this code, we
considered the jet problem in detail from the initial formation in the
upstream stagnation chamber to the jet flow at the nozzle inlet.

The accuracy of the DSMC method has been analytically and,
more importantly, experimentally scrutinized since Bird’s
introduction in the late 1960s [17]. Therefore, the DSMC method
should attain a fairly high degree of predictive accuracy when a free
molecular jet situation is dealt with. However, the results that will be
presented show that the DSMC method needs a long computational
time and well-imposed boundary conditions as one considers
complex geometries. Even though the Knudsen number in the
downstream falls in the free molecular regime, enough collisions are
still present to influence the aerodynamic field. A problem similar to
the one discussed here is numerically solved by Cai and Boyd [18]
for the jet far field, and their computational code imposes the absence
of molecular collisions, in so simplifying the free molecular flow
simulation.Adetailed description of the entireflowdomain is needed
due to the sensitivity of the jet characteristics to its initial conditions.

Our obtained results that will presented here are validated by
comparing the numerical data with the experimental data.
Furthermore, because the jet at the nozzle exit is in a free molecular
condition, we developed a procedure to combine the numerical
DSMC solutionwith an analytic freemolecular expression, applying
from the nozzle exit to the downstream ambient region. Finally, the
sensitivity to the initial conditions was studied by analytical
relationships for the case of a free molecular flow.

The experimental portion of this work occurred in highly rarefied
conditions and was time consuming to perform. The experimental
times increase as the size of the pressure sounding probe decreases.
Conversely, a larger probe size requires a larger test area and,
correspondingly, a more expensive rig and experiment. A Patterson
impact pressure probe was adopted in our experiments, allowing us
to decrease the operation time and to work on a small domain so that
our apparatus costs were reduced.

Patterson probes have been extensively adopted in both the
continuum regime and with free molecular flow [19] for cases in
which the transverse dimensions of the jet are sufficiently large
compared with the width of the measuring slot of the probe.
Rosenhauer et al. [20] previously investigated a jet issuing from a
supersonic nozzle and compared their results with those from a
hybrid Navier–Stokes/DSMC procedure. However, in their work the
fluid is continuous through the nozzle, and the Reynolds and Mach
numbers at the nozzle exit also corresponded to a continuous fluid.
The Patterson probe is reasonably fast to operate; however, one of its
limitations is the relative dimension of its slot compared with the jet
domain. Therefore, we numerically evaluated the gas state at the
nozzle exit and validated our numerical code using themean pressure
distribution measured by the probe. To summarize, the objective of

our work is a complete study, both experimental and theoretical, of
the generation and development of a rarefied jet. The analysis of the
thermofluid dynamic field is performed over the entire domain
(stagnation chamber, nozzle, and test chamber), with particular
attention to the flow in the nozzle and near the exit region. The
experiments are run to validate the numerical values. The main
parameters that influence the flow are investigated, and the
sensitivity of the numerical solution to the boundary conditions is
evaluated.

The flow physics of a rarefied jet presents several peculiarities
compared with a jet in the continuum regime. In particular, if the gas
begins its expansion through the nozzle in density conditions
corresponding to a transitional flow, then that expansion will cause
the gas molecules to reach density values that are close to the free
molecular regime. Subsequently, the stream in the test chamber is
absent of the phenomena typical of compressible continuum jets
(e.g., shockwaves,Mach disk), and the freemolecules close to the jet
origin move rapidly along straight trajectories.

In the compressible continuum, expansion of the fluid is
associated with an increase in velocity and a decrease in density and
pressure. In a free molecular flow, the jet of molecules expands from
the nozzle exit with an associated decrease in density and pressure;
however, the velocity of each molecule, in the absence of collisions,
remains constant along the trajectory. Faster particles reach a fixed
location in less time than slow particles. Hence, from a location far
from the exit, a higher number of faster particles will be observed,
and the macroscopic average speed will increase (see the exact
analytical solution and DSMC simulation results by Cai and Boyd
[18]).

Because the physical ambient region cannot be totally empty,
small variations of velocity are still possible due to collisions with
other molecules or with the walls. Other phenomena typical of a
continuum regime, such as complex compression and expansion
wave systems, are absent. Furthermore, the flow has negligible
sensitivity to the pressure distribution at the jet origin, as is expected
for a flow without collisions; yet, there is a noticeable sensitivity to
the velocity conditions at the nozzle exit.

In light of these phenomena associated with rarefied jets, it can be
understood why the numerical results, although highly reliable,
should be compared with and validated by the experimental
investigation. The DSMC method provides perhaps the closest
representation of the actual physics in spite of, or just because of, its
simple approach, which is supported by a great deal of experience.

In the following sections, we provide a short description of the
experimental apparatus and a brief account of the adopted probe.
Next, we describe themathematical methods and report on the results
of the calculations and experiments. Finally, we show the results and
discuss the sensitivity of the jet characteristics to the velocity profile
at the nozzle exit.

II. Experimental Rig

The early experiments were carried out at the Department of
Energetics at the Polytechnic University of Marche in Ancona, Italy.
Subsequent experiments were conducted at the Aerodynamics
Laboratory of the Department of Mechanics and Aeronautics at the
University “La Sapienza” in Rome. The experimental rig is shown in
Fig. 1. Nitrogen flows from a high-pressure bottle to a stagnation
chamber through a reduction valve, a gas flow meter, and a
controller. The chamber is connected to a large test section via a
cylindrical inlet nozzle, through which the gas expands into the test
region. The length of the nozzle is 9 mm and its internal diameter,D,
is 6 mm. The downstream wall of the test section contains an exit
valve that corresponds to the inlet of a system of vacuum pumps. The
low pressure is obtained by a Pfeiffer turbomolecular pump, and the
limit vacuum in the system is about 10�6 Pa. A Patterson probe is
mounted inside the test section on a support; the support can move in
the axial and transversal directions of the cylindrical chamber and
can rotate a few degrees around an axis normal to the jet axis.

Temperature and pressure measurements in the chambers are
provided by absolute manometers, by the heads of hot and cold
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cathodes, and by thermocouples. Themassflow rateswere controlled
and measured by a Brooks 5850 instrument with a range of
�0:1–200� � 10�8 kg=s and an accuracy of 2.4% on the minimum
reading. Pressure measurements were obtained using a set of two
absolute pressure transducers (MKS 672, with range of 10�2–102 Pa
and an accuracy of 0.12% on the minimum reading) and with hot
cathode ionization vacuum gauges (Pfeiffer IMR 112 and 125, with
range of 10�8–102 Pa and an accuracy of 1% of minimum reading).

The Patterson probe, made by Hyperschalltechnologie (Göttin-
gen), GmbH, is shown in Fig. 2.A rectangular orifice (with awidth of
W � 1 mm and a height of H � 10 mm) is open in a tube with an
external diameter of 5mm, a length of 55mm, and awall thickness of
0.25 mm. The axis of the tube is normal to the jet axis. The probe
collects gas particles from the external stream and measures their
number with a hot cathode head. All movements of the supporting
sled are governed by step motors. The positions of the sounding slot
can be changed by as little as 0.01mm steps. The probewasmodified
so that the sounding tube and its slot can be rotated 360 deg around

the longitudinal axis of the tube. The signals from the probe and all
the othermeasurements are recorded and stored in a computer, which
also performs the data reduction.

Figure 3 shows a sketch (not to scale) of the test chamber with the
movable probe holder. The presence of the sounding tube does not
affect the measurements in the freemolecular regime, evenwhen it is
in close proximity to the jet source; this was proved, in particular, by
the symmetry of the data.

III. Reduction of the Experimental Data

Let � be the gas mean free path. The Knudsen number is
Kne � �e=D, where �� 1=�

���
2
p
�d2n� and d and n are the diameter

and the number density of the molecules, respectively. The N2 gas
characteristics were taken from [17] and the subscript e signifies the
values at the nozzle exit.

All the experiments were carried out with nitrogen, with
stagnation chamber values of pressure,p�0 , between 2.85 and 28.5 Pa

M

Stagnation Chamber Test Chamber

Temperature Transducers

Pressure Transducers

To the Vacuum Pump
Flow Meter/Control

Gas
Bottle

Fig. 1 Sketch of the experimental rig.

Fig. 2 Sketch of the Patterson probe (Hyperschalltechnologie GmbH).

Fig. 3 Sketch of the test chamber with the Patterson probe holder.
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and a stagnation temperature equal to 300 K. Correspondingly, the
Knudsen number at the jet inlet,Kni, ranges approximately between
0.36 and 0.036, and the values ofKne fall from well inside the range
of free molecular to the transitional flow regime.

Figure 4 shows the geometry of the problem in which a system of
orthogonal coordinates �X; Y; Z� has its origin in the center of the
circular orifice and the X axis along the longitudinal axis of the jet.
The axes �Y; Z� are parallel to the sidesL and s of the slot, which has
its center atZ� 0. All lengths here are normalized with respect toD.

Hot cathode readings were used to obtain the experimental values
of P��X; Y�, the pressure distribution along the longitudinal axis of
the jet, X, and in its normal direction, Y. These measurements were
takenwhile the slot remained parallel to the orifice. At eachX station,
the transverse pressure profile was investigated. These runs were
carried out in two directions, first with increasing and then with
decreasing Y locations. The probe was initially located far from the
jet tomeasure the ambient density and thenmoved to the opposite far

side. If needed, the probe holder could also rotate a few degrees about
a vertical axis to improve the alignment between the jet axis and the
axis normal to the probe slot. Let � (0–180 deg) be the angular
position of the sounding tube about its axis, where�� 0 corresponds
to the slot looking upstream. The measurements were carried out in
three angular positions: �� 0, 90, and 180 deg. Each run could last
from several minutes to a few hours.

Figure 5 shows a map of the measured P��X; Y� and a few iso-P�

lines in the explored domain for p�0 � 3:3 Pa, p�amb � 10�3 Pa, and
Tamb � 300 K. Furthermore, and for the sake of clarity, Fig. 6 shows
some representative Y profiles that were taken at selected positions
along the X axis. Figure 7 shows some measured data along X for
Y � 0. Figures 6 and 7 show the uncertainty bars for the adopted
instrumentation chain. Note that after moving the sounding probe to
a new location it was necessary to monitor the pressure signal for a
rather long time until a steady state was reached, especially in the
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Fig. 4 Geometry of the flow region between the nozzle exit and the

probe slot.
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more rarefied conditions. We use a capital P� with reference to the
mean pressure measured inside the probe. A lowercase p� is used for
local point values. For the data reduction, we assume that the number
density ne and the velocity ue of the issuing flux is uniform over the
nozzle exit and that the path traveled by each particle from the nozzle
to the slot is the same. Then, the basic expressions reported by
Koppenwallner [14] and Meyer [21] for the probe in a jet of free
molecules can be used.

Referring to the geometry in Fig. 4, themolecules from an element
dAs of the jet round exit travel a distance r to reach a point Q of the
probe slot. In our experimental apparatus, the density and the
temperature in the stagnation chamber and in the test section were
measured, whereas the mass flow rate _m was imposed by the flow
meter and controller. The flow across the cylindrical nozzle increases
its initially low velocity as it proceeds to the exit while,
simultaneously, the pressure is decreasing. From the round exit of the
nozzle, a swarm of molecules of mean velocity huei expands into the
ambient region at Tamb � 300 K and p�amb � 10�3 Pa. The mean
velocity huei can be calculated from the known mass flow rate.
Furthermore, following the results presented byKoppenwallner et al.
[1], Lilly et al. [4], and Sreekanth [22] for circular tubes, the final
pressure at the nozzle exit hp�ei can be calculated as a function of the
mass flow rate and of the ratio between the pressure values at the two
ends of the nozzle.

Following Koppenwallner [14] and Meyer [21], a flux of free
molecules with number density n1 and temperature T1 (pressure
p�1 � n1kT1) arrives at a pointQ�X; Y; Z� at the slot in the sounding
tube. Themolecular speed ratio isS1 � u=

������������
2RT1
p

. The total number
of molecules entering the cavity is computed by integration of the
molecular flux over the aperture areaA�W �H. Inside the probe, a
steady kinetic equilibrium (with number density n2, temperature T2,
and pressure p�2 � n2kT2) exists between the entering _n12 and the
outgoing _n21 particles. The molecular speed ratio S is related to the
Mach number by

S�
��������
�=2

p
Ma

where � the ratio of the specific heats.
The flux entering the probe is

_n 12 �
p�1

m
����
�
p ������������

2RT1
p ��S1 cos���12

and the exit flux is

_n 21 �
p�2

m
����
�
p ������������

2RT2
p �21

where ��S1 cos �� � exp���S1 cos ��2� �
����
�
p
�S1 cos ���1�

erf�S1 cos ��	.
�12 and �21 are the transmission probabilities for free molecules

entering and leaving the probe. In particular,

�12�S1; �� 0; W=H� � 1 � 0:5�W=H�=�S1
����
�
p
�

and

�12�S1; �� 90;W=H� � 0:5�1�
����
�
p

ierfc�S1W=H��

where ierfc is the first integral of the complementary error function
[23]. For the adopted probe, �21 � 0:89, as specified by the
manufacturer’s data.

The ratio of the pressures p�2 and p
�
1 is given by

p�2=p
�
1 � ��S1 cos���12=�21

�������������
T2=T1

p

If the pressure p�2 is measured at � equal to 0 and 90 deg, then the
molecular speed ratio S1 can be evaluated and, after measuring T1
and T2, the pressure p

�
1 is known.

Because of the relative dimensions of the measuring slot and the
diameter of the longitudinal jet cross section, and because
the transversal pressure distribution in the jet is not uniform, the
measured P� is actually the mean value of the pressure over the slot
area p�m instead of the local p�1 value:

p�m� �X; Y� � 2=�Ls�
Z
s=2

0

Z
Y�L=2

Y�L=2
p��y0; z0� dy0dz0 (1)

where L�H=D and s�W=D.
The calculations can be performed, at least in one significant case,

by evaluating the dimensional values of p�m using Eq. (1). Figures 8
and 9 show the results of the transversal p�m distribution at two axial
locations. In these results, the local values of p� are calculated from
the p�m values by putting the integral in Eq. (1) into its discretized
Simpson form.

In the following section, wewill compare the experimentalp�m and
p� values, which have been calculated according to the
aforementioned procedure, with the values calculated via the
numerical–analytical method. Table 1 shows the measured mass
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flow rate _m as a function of the pressure in the upstream stagnation
chamber and of the pressure in the discharge chamber.

IV. Direct Simulation Monte Carlo Method Results

The direct simulationMonte Carlo codewas used to simulate each
of the experimental conditions. The results were used to evaluate the
jet’s initial thermofluid dynamic state after assigning the pressure in
the upstream and downstream stagnation chambers. This DSMC
procedure is similar to that reported by Sharipov [13] for a rarefied
gas flow through an orifice in a thin wall and also that reported by
Lilly et al. [4] for flow through tubes.

The adopted DSMC program was derived from the program
described by Bird [17]. It is based on the numerical simulation of the
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Table 1 Experimental readings of stagnation pressure p�0 ,

ambient pressure p�amb, and mass flow rate _m

p�0 , Pa p�amb � 103, Pa _m � 108, kg=s

1.5 2.5 1.9
2.7 4.5 3.8
3.3 5.5 4.8
3.9 6.5 5.8
4.4 8.0 6.7
5.0 9.0 7.7
5.5 10 8.6
5.9 12 9.6
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state (position and velocity) of a representative set of Np molecules.
The algorithm assumes a dilute gas and uses two different time
scales, one for the collisions between molecules and the other for the
motion of a molecule between collisions. Whereas the motion of the
molecules is solved deterministically according to the laws of
classical mechanics, the intermolecular collisions are handled as a
stochastic process [4,13,17].

The fluid field encompasses the physical domain, composed of the
stagnation chamber, the nozzle, and the test chamber. The ambient
particles are modeled as normal particles entering the downstream
boundaries. This simulation can be time consuming and can use a
significant amount of computer memory to obtain a result with
reasonable numerical accuracy, because it uses a large number of
cells and representative particles. In our case, the computational
domain (Fig. 10)was divided into a grid of nonuniform cells, with the
smallest cells used at the nozzle where the flow gradients require
more accuracy. The grid was generated using the hyperbolic tangent
rule [24]. The computational time for the higher-density situation is
an order of magnitude greater than it is for the lower-density
situation. The total CPU time was about four weeks on an Intel Xeon
2.8 GHz processor for the case of p�0 � 34 Pa.

The DSMC method requires accurate specification of the
boundary conditions. We extended the domain both upstream and
downstream of the nozzle to avoid regions of subsonic flow, so that
the boundary conditions did not have to handle disturbances that
travel upstream [4]. We performed several tests on domains of

different dimensions. At the inflow boundaries, we assigned
conditions of vanishing velocity and used stagnation values of the
temperature and pressure. The interaction with the nozzle wall was
handled using the diffusive reflection model [25]. Ambient values of
the temperature and pressure were used at the borders of the test
chamber.

The numerical accuracy of the DSMC method depends on the
space discretization (cell size), the time discretization, the physical
dimensions of the simulation domain, the number of representative
molecules (Np), and the number of samples used to evaluate the
macroscopic parameters. An estimate of the numerical error was
based on the norm [26]:

" �
1

N

XN
k�1

��� ik �  i�1k

�
= i�1k

���

whereN is the number of cells, i is the numerical step, and is either
the macroscopic velocity u or the density �. The obtained values of "
are less than 10�5 for � � and less than 10�4 for � u. We tested
numbers for the representative molecules (Np) ranging from 2:5 �
106 to 10 � 106; a value of 7:5 � 106 was chosen.Various sizes of the
computational domain were tested. These dimensions (normalized
byD) ranged from 5 to 20 for�Lup and�Ldown and from 3 to 12 for
R (Fig. 10). In all cases, the number of cells was greater than 104, and
the time step�t ranged from 0.005 to 0.001 �0=p

�
0 , where �0 is the

reference viscosity.
Figures 11 and 12 provide an example of the convergence of the

numerical method, with results showing the influence of the domain
size on the calculated pressure distribution. Figure 11 shows the axial
pressure distribution, assuming different values of�Lup and�Ldown

at R� 7. Figure 12 gives the radial pressure distribution at X� 0:3
for �Lup and �Ldown as both equal to 12. Note that the scale on the
pressure axis is logarithmic, whichmakes it easier to appreciate small
differences. Even on a logarithmic scale, the values of the radial
pressure in Fig. 12 have negligible differences. Following these
numerical experiments, all simulations were performed with R� 7
and �Lup ��Ldown � 12.

Figure 13 shows the DSMC initial profiles of the dimensionless
velocity Se and the pressure pe, which were subsequently used for
the free molecular analysis of the jet. In particular, the pressure p�

and, later, p are normalized with respect to the mean pressure hp�ei at
the nozzle exit.
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Fig. 10 Computational domain.
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V. Free Molecular Solution

Consider pressure p at pointQ�X; Y; Z� (Fig. 4) for a flow of free
molecules leaving the elemental surface dAs and having a mean
velocity along the X axis [27]:

p�
Z
As

pe�
�3=2e�S

2
e ��Se=2� cos 	

� �0:5� S2ecos2	�e�S
2
ecos

2	� ����
�
p

=2�1� erf�Se cos 	��	 d�
(2)

As is the area of the circular jet orifice, d�� �r � eX=r
3�dXsdYs is

the angle between dAs and Q, and 	 is the angle between X and the
flight direction of the molecules that contribute to the pressure atQ,
that is, cos 	� �r � eX=r� with eX the unit vector along X.

The results of the DSMC simulations show that the dimensionless
pressure distribution pe (Fig. 13) is almost constant over the nozzle
exit, with variations of less than 0.03. Therefore, based on Eq. (2),
one can assume that p is a function of Se only.

It is possible to evaluate the influence of a nonconstant radial
velocity distribution at the nozzle exit using

p�Se� � p�Se;0� �
�
dp

dSe

�
Se�Se;0

�Se � Se;0� � �
 
 
	

where dp=dSe is the sensitivity of thep value at a given locationwith
respect to the velocity profile at the nozzle exit. Se;0 is the constant
value of the thermal velocity for a constant discharge velocity. The
sensitivity can be evaluated analytically from the following equation:
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dp

dS
��2Sep�

Z
As

exp
�
�S2e

�
=�3=2

n
cos 	

�
1� S2ecos2	

�

� exp�S2cos2	�S
����
�
p
�1� erf�S cos 	�	

� �0:5� S2�1� cos2	�	
o
d� (3)

Figure 14 presents the radial values of two sets of data at two axial
locations. The first set shows the difference �np between the
pressure calculated from the initial velocity values provided by the
DSMC method, pS � p�Se�, and the pressure pS0 � p�Se;0�
calculated by taking a constant initial velocity distribution, Se;0 � 1.
The mean value of pS over the jet exit is also equal to 1.

The second set is the value of �ap� �dp=dSe	Se�Se;0�Se � Se;0�,
calculated via the sensitivity definition. We note that �np and �ap
converge to the same values far from the jet longitudinal axis in the
radial direction; this effect is enhanced asX increases. The difference
between �np and �ap becomes negligible at 1-nozzle-diam
distance from the nozzle exit. However, the influence of the initial
velocity profile is dominant in the proximity of the jet orifice.

An examination of Fig. 14 shows that the sensitivity of the final
results to the value of the gas velocity at the jet origin is not
negligible. Consequently, after the DSMC code is validated with the
experimental data, the numerically calculated gas state parameters at
the nozzle exit can be taken as the initial condition for the free
molecular calculations.

VI. Results

This section presents the results of the final analysis of the jet.
Figures 15–17 show the pressure distributions, p�, close to the
nozzle exit for the following three values of the stagnation chamber
p�0 : �0:34; 3:4; 34� Pa. The corresponding Knudsen numbers at the
exit, Kne, are 20, 2, and 0.2, respectively. These values fall in the
range between the free molecular regime and transition flow. Also,
the pressure gradients increase with denser gas conditions. The
pressure p� is normalized with p�0 , and the axial and radial
coordinates X and Y are normalized with the diameter D. The
conditions in Fig. 16 duplicate a situation that was experimentally
investigated. Figures 15–17 also show the mean trajectories of the
particles as they leave the initial dense core of the jet and rapidly
move to rectilinear paths.

Figures 18–20 duplicate the conditions of the experimental case,
p� � 3:4 Pa. Figure 18 shows the distribution of themolecular speed
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ratio S. In this case, the gas leaves the nozzle at close to sonic
conditions and accelerates to its maximum speed at a distance
between 1 and 2 diameters from the exit. This effect is due to the
limited dimension of the downstream ambient cavity and its
temperature boundary condition. This appears in contrast with the
results of Cai and Boyd [18], but that paper adopts an ad hoc turning
off of the collisions between the molecules.

Continuum compressible flow phenomena such as a Mach disk or
shockwaves are not present. This can bemore easily understood after
considering Figs. 19 and 20, which show the local Kn values in the
test chamber and in the nozzle. The flow actually reaches free
molecular conditions by the nozzle exit and, clearly, a jet of free
molecules interacts with the probe. Furthermore, Fig. 19 shows that
theKn value at the nozzle exit,Kne, is practically constant and equal
to 2. The pressure and, consequently, theKnudsen number variations
seen in Fig. 20 are in very close agreement with the data in Lilly et al.
[4] for comparable conditions.

Figure 21 shows the results for a significant case. It provides a
comparison of the reduced experimental pm and the calculated
pressure obtained by the free molecular flow solution and by the
DSMC procedure. In particular, the comparisons shown at p�0 �
3:4 Pa at X � 1:5, which matches the conditions of Fig. 9, are very
good.

The reduced experimental data are also reported in Fig. 22,
together with the analytically calculated free molecular flow values.
Again, the comparison is quite satisfactory. The calculated values
follow from the application of Eq. (2), with the initial Se distribution
as obtained via the DSMC method. These results show that the
calculation may be limited to the stagnation chamber and to the
nozzle, whereas the flow in the ambient region could be calculated
instead by the free molecular flow analytical expressions using
proper initial conditions.

Figure 23 shows the analytical free molecular description of the
near jet mean pressure, taking the DSMC solution at the nozzle exit

 0

 0.1

 0.2

 0.3

 0.4

 0.5

 0.6

 0  1  2  3  4  5  6  7  8  9  10

p m

X

Present experiment (Y=0.0)
fmf solution (Y=0.0)

Fig. 22 X profiles of calculated (fmf) and reduced experimental pressures pm at Y � 0 (p�0 � 3:4 Pa).

 0

 0.05

 0.1

 0.15

 0.2

 0.25

 0.3

 0.35

 0.4

 0.45

 0.5

-3 -2 -1  0  1  2  3

p m
 (

fm
f s

ol
ut

io
n)

Y

X=0.25
X=0.5

X=0.75
X=1.5

Fig. 23 Y profiles of the calculated (fmf) pressure pm at selected X.

GAFFURI AND MARINO 93



as the initial condition. The analytical Y profiles of pm at various X
are given for the same experimental conditions as those in Figs. 6 and
7. The radial profiles of pm and p, also calculated by the free
molecular flow expression and aided by the DSMC solution, are
given in Fig. 24 at two values of X. Note that, close to the jet origin,
the difference betweenpm andp at the sameY distance can be as high
as 100% of the p value.

Because of the averaging process of the probe sounding element,
any errors in the local pressuremeasured at locations very close to the
jet originmay lead to unacceptable errors in the results. However, the
probe with its experimentally measured values provides an
indispensable comparison for validating the DSMC simulations.

VII. Conclusions

The paper presented an analysis of the characteristics of a free
molecule jet close to its origin. A numerical code for the DSMC
simulations and an experimental apparatus were both demonstrated
to be necessary for an accurate solution of the problem. We
summarize this work with a few comments.With highly rarefied jets,
a great deal of attention must be given to the full field when free
molecules are present. In particular, the development of the flow
from its stagnation state to the discharge ambient region should be
taken into account when investigating the region close to the nozzle
exit. Any a priori assumption concerning the initial characteristics of
the jet should be carefully verified, and a sensitivity analysis should
be performed. A Patterson impact probe can be an appropriate
measurement device in terms of the cost-to-benefit ratio for
validating the numerical–analytical results within the proper limits
due to the averaging process of its slot dimensions.
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